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Abstract

Coupled structures under random excitation are modelled as a quasi-integrable Hamiltonian system of
multi-degree-of-freedom and the reduced-order model in structural mode space is formulated. A non-linear
stochastic optimal control method for the system is presented. The non-linear optimal control of adjacent
tall building structures coupled with supplemental control devices and under random seismic excitation is
performed by using the proposed method. First, applying the stochastic averaging method to the system
yields It #o stochastic differential equations for modal vibration energy processes, so that the system energy
control is conducted generally instead of the system state control and the dimension of the control problem
is reduced. Then applying the stochastic dynamical programming principle to the controlled diffusion
processes yields a dynamical programming equation, taking into account random excitation spectra. An
explicit polynomial solution to the equation is proposed to determine the non-linear optimal control forces.
Furthermore, the response statistics of the controlled non-linear coupled structures under random seismic
excitation are evaluated by using the stochastic averaging method, and are compared with those of the
uncontrolled structures to determine the control efficacy. Numerical results illustrate the high control
effectiveness and efficiency of the proposed non-linear stochastic optimal control method for coupled
structures as a quasi-integrable Hamiltonian system.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Active control of structural vibration induced by severe dynamic loading such as strong wind or
earthquake ground motion has been an active research subject recently. A comprehensive survey
on structural control research and application was given by Housner et al. [1]. The control
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effectiveness of structural systems is highly dependent on the used control method and a number
of control methods were presented for designing active structural control law. In general, the
optimal control method for structural systems based on the dynamical programming principle is
more reasonable and effective than the others. Then the linear quadratic control method is
frequently used in structural control, with a classical explicit solution of control law to the
dynamical programming equation. However, the control method using non-linear optimal control
law [2–6] has higher efficacy than that using linear one for structural response reduction,
especially for strong-vibration response reduction. Since the dynamic loading such as wind or
earthquake acting on engineering structures is random in nature, the optimal control method
based on the stochastic dynamical programming principle [4–6] is more reasonable for structural
control application. The recently proposed stochastic optimal control method has been applied to
several simple systems with one- or two-degree-of-freedom under random excitation, and
numerical results show that it is more effective and efficient than the others in random vibration
control.
In dynamic response and control study, many engineering structures are usually modelled as

integrable Hamiltonian systems. For example, the horizontal motion of a tall building structure
[7] can be formulated as an integrable Hamiltonian system of multi-degree-of-freedom, especially
in structural mode space. When structural or external damping and random loading such as wind
or earthquake ground motion are considered, they become randomly excited and dissipated
Hamiltonian systems called quasi-integrable Hamiltonian systems [8]. The Hamiltonian of
structural systems represents total system energy generally while the independent integrals of
motion indicate modal vibration energies and the structural energy control is an actual and
effective approach to response reduction. Therefore, the non-linear stochastic optimal control of
quasi-integrable Hamiltonian systems is a significant research subject.
On the other hand, in structural engineering field, interconnecting adjacent tall building

structures with supplemental control devices is a practical and effective approach to mitigating
structural seismic or wind response. The passive control of coupled adjacent structures with linear
or non-linear devices has been widely studied [9–12], and the active or semi-active control of
coupled adjacent structures under random seismic or wind excitation has been evolved [13–15].
Most of those studies used the linear quadratic control method for designing a control law of
coupled structures, and consequently applying the non-linear stochastic optimal control method
for quasi-integrable Hamiltonian systems to coupled structures under random seismic excitation is
more interesting and would be more effective for seismic response mitigation.
The present study is focused firstly on the non-linear stochastic optimal control method for a

quasi-integrable Hamiltonian system of multi-degree-of-freedom. The stochastic optimal control
strategy proposed in Refs. [4–6] is applied to the system. The It #o stochastic differential equations
for independent integrals of motion of the system as controlled diffusion processes are derived by
using the stochastic averaging method. The dynamical programming equation for the controlled
processes is established based on the stochastic dynamical programming principle, from which the
non-linear optimal control law is determined in correspondence with a certain performance index.
Then the developed control method is applied to coupled adjacent building structures for seismic
response mitigation. A multi-degree-of-freedom model of the coupled structures with an arbitrary
number of stories and with connecting control devices at any floors is formulated and converted
into another one by using the modal transformation technique, in which the seismic excitation is
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modelled as a non-white Gaussian random process with the Kanai–Tajimi power spectrum. The
non-linear optimal control forces for the coupled structures are obtained based on the stochastic
averaging method and the stochastic dynamical programming principle. An explicit polynomial
solution to the dynamical programming equation is proposed for the value function and
corresponding performance index. Finally, the random seismic response of the controlled coupled
structures is predicted by using the stochastic averaging method and compared with that of the
uncontrolled structures to evaluate the control efficacy which is illustrated by the numerical
results.

2. Quasi-integrable Hamiltonian systems and optimal control

Consider a controlled, randomly excited and dissipated Hamiltonian system of multi-degree-of-
freedom, which is governed by n pairs of equations of motion as follows:

’Qi ¼
@H

@Pi

; ð1aÞ

’Pi ¼ �
@H

@Qi

� cij
@H

@Pj

þ fikxkðtÞ þ ui; i; j ¼ 1; 2;y; n; k ¼ 1; 2;y;m; ð1bÞ

where H ¼ HðQi;PiÞ is the Hamiltonian generally representing total energy of the system, Qi and
Pi are generalized displacement and momentum, respectively, cij ¼ cijðQi;PiÞ denotes damping
coefficient, fik is the amplitude of random excitations and xkðtÞ is random process with zero mean
and correlation functions RklðtÞ; ui represents non-linear control force to be determined by the
stochastic dynamical programming principle.
The integrability of a Hamiltonian system depends on the structure of its Hamiltonian [8,16].

It is assumed herein that the Hamiltonian system corresponding to system (1) is com-
pletely integrable, as many engineering structures are modelled generally. Then there exist n
independent integrals of motion Hi ði ¼ 1; 2;y; nÞ which are in involution and the energy
distribution among various degrees of freedom as well as the total system energy is adjustable. For
the quasi-integrable Hamiltonian system, its stationary probability density is a functional of
independent integrals of motion and thus, the total energy and energy distribution can be
controlled by non-linear control forces as well as changed by dampings and excitations. The
system vibration can be mitigated by the system energy control rather than the system state
control.
To conduct the system energy control based on the stochastic dynamical programming

principle, the stochastic averaging method for quasi-integrable Hamiltonian systems [8,17] is first
applied to system (1) to yield diffusion processes generally indicating modal vibration energies. In
the case that the corresponding Hamiltonian system is non-resonant, the averaged It #o stochastic
differential equations for independent integrals of motion Hi ði ¼ 1; 2;y; nÞ as an n-dimensional
vector diffusion process are of the form

dHr ¼ mrðHÞ þ
@Hr

@Pi

ui

� �
t

� �
dt þ srkðHÞ dBkðtÞ; r; i ¼; 1; 2;y; n; k ¼ 1; 2;y;m; ð2Þ
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where H ¼ ½H1;H2;y;Hn�T; / �St denotes the time-averaging operator, BkðtÞ ðk ¼ 1; 2;y;mÞ
are independent unit Wiener processes; the drift coefficients and diffusion coefficients are

mrðHÞ ¼ � cij
@Hr

@Pi

@Hr

@Pj

þ
Z 0

�N

@Hs

@Pj

fjl

� �
tþt

@

@Hs

@Hr

@Pi

fik

� �
t

"*

þ
@ys

@Pj

fjl

� �
tþt

@

@ys

@Hr

@Pi

fik

� �
t

#
RklðtÞ dt

+
t

ð3aÞ

sruðHÞssuðHÞ ¼
Z

N

�N

@Hs

@Pj

fjl

� �
tþt

@Hr

@Pi

fik

� �
t

RklðtÞ dt

* +
t

r; s; i; j ¼ 1; 2;y; n; k; l; u ¼ 1; 2;y;m ð3bÞ

in which ys is generalized phase process. The time averaging can be replaced by the phase-space
averaging with respect to qi: For Gaussian white noise processes xkðtÞ ðk ¼ 1; 2;y;mÞ with
intensities 2Dkl ; the drift coefficients and diffusion coefficients become

mrðHÞ ¼
1

TðHÞ

I
�cij

@Hr

@pi

@Hr

@pj

þ Dkl fik fjl
@2Hr

@pi@pj

� �
@H1

@p1

@H2

@p2
?

@Hn

@pn

� �
� �
dq1 dq2?dqn; ð4aÞ

sruðHÞssuðHÞ ¼
1

TðHÞ

I
2Dkl fik fjl

@Hr

@pi

@Hs

@pj

�� 

@H1

@p1

@H2

@p2
?

@Hn

@pn

� �� �
dq1 dq2?dqn; ð4bÞ

TðHÞ ¼
I

1
@H1

@p1

@H2

@p2
?

@Hn

@pn

� �
� �
dq1 dq2?dqn: ð4cÞ

The random response control of system (1) can be achieved by the energy control of
corresponding diffusion processes (2) and the dimension of the control problem is reduced from
Eqs. (1) to (2). The optimal control of diffusion processes (2) can be performed based on the
stochastic dynamical programming principle [18–20]. The optimal control law depends on
the objective of system control, which is expressed in terms of performance index. For H control,
the performance index in finite time interval is

J ¼ E

Z tf

0

LðHðtÞ;/g1ðuðtÞÞStÞ dtþCðHðtf ÞÞ
� �

; ð5Þ

where E½�� denotes the expectation operator, tf is terminal time, LðH;/g1StÞ and g1ðuÞ represent
continuous differential convex functions, u ¼ ½u1; u2;y; un�T and Cðtf Þ represents a terminal cost
function. In infinite time-interval ergodic control, the performance index (5) becomes

J ¼ lim
tf -N

1

tf

Z tf

0

LðHðtÞ;/g1ðuðtÞÞStÞ dt: ð6Þ

Obviously, the performance index J depends on the used function L of H and u: For a linear
system, Hr is quadratic in both generalized displacement and momentum. Then L would be a
function of quadratic system states, and linear L is similar to that used in the conventional LQG
control [18]. For a convex function L; the diffusion process vector H in entire dynamic process
decreases in correspondence with function L and performance index J: Thus the random response
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can be reduced by minimizing the performance index. Applying the stochastic dynamical
programming principle [18–20] yields a dynamical programming equation, for example, to the
controlled processes (2) with performance index (5) as follows:

@V

@t
¼ �min

u
LðH;/g1ðuÞStÞ þ mrðHÞ þ ui

@Hr

@Pi

� �
t

� �
@V

@Hr

þ 1
2 srkðHÞsskðHÞ

@2V

@Hr@Hs

� �
ð7Þ

or to the controlled processes (2) with performance index (6) as

l ¼ min
u

LðH;/g1ðuÞStÞ þ mrðHÞ þ ui

@Hr

@Pi

� �
t

� �
@V

@Hr

þ 1
2
srkðHÞsskðHÞ

@2V

@Hr@Hs

� �
; ð8Þ

where V ¼ V ðH; tÞ is called value function and l is constant. The random excitation spectra are
taken into account by the drift coefficients and diffusion coefficients (3) in the control process of
Eq. (7) or (8).
The optimal control law can be determined by minimizing the right-hand side of Eq. (7) or (8).

Its governing equations are

@

@ui

LðH;/g1ðuÞStÞ þ ui

@Hr

@Pi

� �
t

@V

@Hr

� �
¼ 0; i ¼ 1; 2;y; n: ð9Þ

In general, let function L be quadratic in control force vector u; that is

LðH;/g1ðuÞStÞ ¼ gðHÞ þ/uTRuSt; ð10Þ

where gðHÞX0 and R is a positive-definite symmetric matrix. Then the optimal control forces are
obtained as follows:

u�i ¼ � 1
2

R�1
ij

@Hr

@Pj

@V

@Hr

; i ¼ 1; 2;y; n ð11Þ

which depend on value function V : Since V is generally a non-linear functional of Hr and Hr is a
non-linear function of Qi and Pi; the obtained optimal control forces (11) would be non-linear in
generalized displacements and momenta and thus, determine a non-linear stochastic optimal
control of the quasi-integrable Hamiltonian system. In the case that the Hamiltonian is the sum of
n independent integrals of motion, that is, H ¼ H1ðQ1;P1Þ þ H2ðQ2;P2Þ þ?þ HnðQn;PnÞ; the
optimal control forces (11) become

u�i ¼ � 1
2

R�1
ir

@V

@Hr

’Qr; i ¼ 1; 2;y; n: ð12Þ

Eq. (12) implies that optimal control force u�i is a quasi-linear function of generalized velocity and
may be dissipative.
By substituting the expression of u�i obtained from Eq. (9) or (11) into Eqs. (7) and (8), the

dynamical programming equations become for the value function, respectively as

@V

@t
þ LðH;/g1ðu�ÞStÞ þ mrðHÞ þ u�i

@Hr

@Pi

� �
t

� �
@V

@Hr

þ 1
2
srkðHÞsskðHÞ

@2V

@Hr@Hs

¼ 0; ð13Þ

LðH;/g1ðu�ÞStÞ þ mrðHÞ þ u�i
@Hr

@Pi

� �
t

� �
@V

@Hr

þ 1
2 srkðHÞ sskðHÞ

@2V

@Hr@Hs

¼ l: ð14Þ
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Here V as a function of Hr can be obtained by solving Eq. (13) for the finite time-interval control or
(14) for the infinite time-interval control, and then the non-linear optimal control force u�i can be
determined. Due to the dynamical programming Eq. (7) or (8) with a classical solution [19], the
uniform expression of optimal control forces can be derived and the value function would be smooth
continuous and may be calculated from Eq. (13) or (14) by using a conventional numerical technique.

3. Coupled building structures under random seismic excitation

To illustrate the application and effectiveness of the proposed non-linear stochastic optimal
control method for quasi-integrable Hamiltonian systems of multi-degree-of-freedom, consider
two adjacent high-rise building structures with n1 and n2 ðn1Xn2Þ stories and interconnected by
control devices at n3 ðn3pn2Þ floors as shown in Fig. 1. It is assumed that the coupled structures
are subjected to a lateral seismic excitation and the control forces are also in horizontal direction.
In the case of linear elastic shear-type structures, the equations of motion of the coupled structural
system are represented by

M1
.X1 þ C1

’X1 þ K1X1 ¼ � .xgðtÞM1E1 þ P1U ; ð15aÞ

M2
.X2 þ C2

’X2 þ K2X2 ¼ � .xgðtÞM2E2 þ P2U ; ð15bÞ

where Xi ði ¼ 1; 2Þ denote the ni-dimensional lateral displacement vectors, Mi; Ci and Ki ði ¼ 1; 2Þ
are the ni 	 ni-dimensional symmetric positive-definite mass, damping and stiffness matrices of
structure i; respectively, Ei ði ¼ 1; 2Þ are the ni-dimensional vectors with unit elements, .xgðtÞ
denotes the random ground acceleration excitation modelled as a non-white Gaussian process
with the Kanai–Tajimi power spectrum [21,22], U represents the n3-dimensional coupling control
force vector and Pi ði ¼ 1; 2Þ are the ni 	 n3-dimensional matrices indicating the installation
position of control devices. Note that the control forces of the coupled structures are exerted upon
each other inversely with the relation P1 ¼ ½0;�PT

2 �
T: For convenience, matrix and vector symbols

are not in boldface here and hereafter.
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The random response of the coupled structures can be expressed using the concept of sub-
structuring and the modes of the corresponding uncoupled structures in the assumption that the
effect of higher-order modes on response is so slight as to be neglected. For the response control, the
first miþ2 ðmiþ2pni; i ¼ 1; 2Þ dominant modes of structure i are aimed at and taken to assemble into
a reduced mode matrix %Fi normalized with respect to the mass matrix Mi: By using the modal
transformation technique, Eqs. (15a) and (15b) of the coupled structures are converted into

.q1i þ 2z1io1i ’q1i þ o2
1iq1i ¼ �b1i .xgðtÞ þ v1i; i ¼ 1; 2;y;m3; ð16aÞ

.q2i þ 2z2io2i ’q2i þ o2
2iq2i ¼ �b2i .xgðtÞ þ v2i; i ¼ 1; 2;y;m4; ð16bÞ

where qji denotes the ith element of the modal displacement vector of structure j ð j ¼ 1; 2Þ; oji and
zji ð j ¼ 1; 2Þ are the ith modal frequencies and damping ratios, respectively, bji ¼ fT

ji MjEj ð j ¼
1; 2Þ are the coefficients of the ith modal excitation and vji ¼ fT

ji PjU ð j ¼ 1; 2Þ denote the control
forces corresponding to the ith mode, in which fji is the ith mode vector in structural mode matrix
%Fj ð j ¼ 1; 2Þ:
The structural system corresponding to Eq. (16a) or (16b) without damping, excitation and control

forces is linear and can be modelled as an integrable Hamiltonian system which is non-resonant
generally. The Hamiltonian *Hj is equal to the sum of independent integrals of motion Hji; that is

*Hj ¼
Xmiþ2

i¼1

Hji; j ¼ 1; 2; ð17aÞ

Hji ¼ ð ’q2ji þ o2
jiq

2
jiÞ=2; ð17bÞ

where *Hj and Hji represent total vibration energy and modal vibration energy of structure j;
respectively. Then the coupled structural system (16) is expressed as a controlled, randomly
excited and dissipated Hamiltonian system of multi-degree-of-freedom with the separable
Hamiltonian (17). The modal vibration energies as well as total energy are adjustable and can be
controlled by the non-linear control forces.
Applying the stochastic averaging method for quasi-integrable Hamiltonian systems [8,17] to

(16) yields the It #o stochastic differential equation for the modal vibration energies as follows:

d %H ¼ %mð %HÞ þ
@ %H

@ ’%Q
%Uv

* +
t

" #
dt þ %sð %HÞ d %WðtÞ; ð18Þ

where the modal vibration energy vector %H of the coupled structural system, modal displacement
vector %Q; modal control force vector %Uv; drift coefficient vector %mð %HÞ; diffusion coefficient matrix
%sð %HÞ and unit Wiener process vector %WðtÞ are respectively

%H ¼ ½ %HT
1 ; %HT

2 �
T ¼ ½H11;H12;y;H1m3

;H21;H22;y;H2m4
�T; ð19aÞ

%Q ¼ ½ %QT
1 ; %Q

T
2 �

T ¼ ½q11; q12;y; q1m3
; q21; q22;y; q2m4

�T; ð19bÞ

%Uv ¼ ½v11; v12;y; v1m3
; v21; v22;y; v2m4

�T ¼ ½PT
1
%F1;P

T
2
%F2�TU ; ð19cÞ

%mð %HÞ ¼ ½ %mT
1 ; %m

T
2 �

T ¼ ½m11;m12;y;m1m3
;m21;m22;y;m2m4

�T; ð19dÞ
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%sð %HÞ ¼ diagf %s1; %s2g ¼ diagfs11;s12;y; s1m3
;s21;s22;y; s2m4

g; ð19eÞ

%WðtÞ ¼ ½W11;W12;y;W1m3
;W21;W22;y;W2m4

�T ð19fÞ

with

m1iðH1iÞ ¼ �2z1io1iH1i þ 1
2
b21iSgðo1iÞ; m2iðH2iÞ ¼ �2z2io2iH2i þ 1

2
b22iSgðo2iÞ; ð20aÞ

s21iðH1iÞ ¼ b21iH1iSgðo1iÞ; s22iðH2iÞ ¼ b22iH2iSgðo2iÞ; ð20bÞ

SgðoÞ ¼ s2
o4

g þ 4z2go
2
go

2

ðo2
g � o2Þ2 þ 4z2go2

go2
: ð20cÞ

Here SgðoÞ is the Kanai–Tajimi power spectral density of random seismic excitation. The It #o
equation (18) implies that the averaged modal vibration energy %H is a controlled vector diffusion
process. The random response control of the coupled structural system (15) can be achieved by the
energy control of the corresponding diffusion processes (18) and therefore, the dimension of the
control problem is reduced from 2ðn1 þ n2Þ to m3 þ m4:

4. Non-linear optimal control law and response prediction

In this study, it is assumed that the system states such as displacements and velocities or modal
vibration energies associated with (18) can be determined exactly by measurement. Then the
optimal control problem is independent of the state observation problem and the optimal control
law can be determined directly based on the stochastic dynamical programming principle [18–20].
For the system energy ð %HÞ control, performance indexes can be expressed as Eqs. (5) and (6). The
performance index in infinite time interval is of the form

J ¼ lim
tf -N

1

tf

Z tf

0

L½ %HðtÞ;/g1ðUðtÞÞSt� dt: ð21Þ

Applying the stochastic dynamical programming principle to the controlled energy processes (18)
with performance index (21) yields the following dynamical programming equation

l ¼ min
U

L½ %H;/g1ðUÞSt� þ
@V

@ %H

� �T

%mð %HÞ þ
@ %H

@ ’%Q
%Uv

* +
t

" #
þ
1

2
tr

@2V

@ %H2 %sð %HÞ %sTð %HÞ
� �( )

; ð22Þ

where tr½�� denotes the trace operator of square matrix. The modal control force vector %Uv is
represented in terms of the coupled structural control force vector U by Eq. (19c). It is seen from
Eqs. (22), (19d), (19e) and (20) that the random seismic excitation spectrum is incorporated in the
control process.
With the similarity to Eqs. (9)–(14), by minimizing the right-hand side of Eq. (22), the equation

for optimal control law is obtained as follows:

@

@U
L½ %H;/g1ðUÞSt� þ UT½PT

1
%F1;P

T
2
%F2�

@ %H

@ ’%Q

* +
t

@V

@ %H

( )
¼ 0: ð23Þ
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For function

L ¼ gð %HÞ þ/ %UT
v R %UvSt ¼ gð %H1; %H2Þ þ/UTRpUSt;

in which Rp ¼ ½PT
1
%F1;PT

2
%F2�R½PT

1
%F1;PT

2
%F2�T; the optimal control force vector is

U� ¼ �
1

2
R�1

p PT
1
%F1

@ %H1

@ ’%Q1

@V

@ %H1

þ PT
2
%F2

@ %H2

@ ’%Q2

@V

@ %H2

 !
: ð24Þ

It is always possible to select control devices and a reduced structural system such that the
dimension of the reduced system is not less than the number of the control devices, that is,
m3 þ m4Xn3 and the rank of matrix ½PT

1
%F1;PT

2
%F2�n3	ðm3þm4Þ is equal to n3 for a certain placement

of the control devices. In this case, matrix Rp would be symmetric positive definite. The optimal
control forces (24) act as generalized non-linear damping forces since the value function V is
generally a non-linear functional of the modal vibration energies Hji ð j ¼ 1; 2Þ and the partial
derivative of the ith mode vibration energy Hji with respect to modal velocity ’qji is just the
corresponding modal velocity ’qji:
By substituting the optimal control forces (24) into the dynamical programming equation (22)

and averaging terms involving the control forces, the following equation for the value function is
obtained:

l ¼ gð %H1; %H2Þ þ
@V

@ %H1

� �T

%m1ð %H1Þ þ 1
2 %mu1ð %HÞ

� �
þ

@V

@ %H2

� �T

%m2ð %H2Þ þ 1
2 %mu2ð %HÞ

� �
þ 1

2
tr

@2V

@ %H2
1

%s1ð %H1Þ %sT1 ð %H1Þ
� �

þ 1
2

tr
@2V

@ %H2
2

%s2ð %H2Þ %sT2 ð %H2Þ
� �

; ð25Þ

where

%mu1ð %HÞ ¼ �
1

2

fT
11Puf11H11

@V

@H11

fT
12Puf12H12

@V

@H12

^

fT
1m3

Puf1m3
H1m3

@V

@H1m3

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
; %mu2ð %HÞ ¼ �

1

2

fT
21Pwf21H21

@V

@H21

fT
22Pwf22H22

@V

@H22

^

fT
2m4

Pwf2m4
H2m4

@V

@H2m4

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
; ð26aÞ

Pu ¼ P1R
�1
p PT

1 ; Pw ¼ P2R
�1
p PT

2 : ð26bÞ

The value function V can be obtained from solving Eq. (25) with a classical solution and the non-
linear optimal control force U� is then determined as a function of modal vibration energy %H or
modal displacement %Q and modal velocity ’%Q: Actually, it is difficult to directly solve the partial
differential equation (25) so that an alternative approach is adopted to convert the equation into
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algebraic equations for solving. Take function g in the following polynomial form:

gð %H1; %H2Þ ¼ s0 þ
Xm3

i¼1

sa
1iH1i þ

Xm4

i¼1

sa
2iH2i þ

Xm3

i¼1

sb
1iH

2
1i þ

Xm4

i¼1

sb
2iH

2
2i

þ
Xm3

i¼1

sc
1iH

3
1i þ

Xm4

i¼1

sc
2iH

3
2i þ

Xm3

iaj

sb
1ijH1iH1j þ

Xm4

iaj

sb
2ijH2iH2j

þ
Xm3;m4

i; j¼1

sb
3ijH1iH2j þ OðHi1j1Hi2j2Hi3j3Þ; ð27Þ

where sb
1ij ¼ sb

1ji; sb
2ij ¼ sb

2ji and the weight coefficients are non-negative. Then the corresponding
value function solution V in polynomial form can be determined by

V ð %H1; %H2Þ ¼
Xm3

i¼1

pa
1iH1i þ

Xm4

i¼1

pa
2iH2i þ

Xm3

i¼1

pb
1iH

2
1i þ

Xm4

i¼1

pb
2iH

2
2i

þ
Xm3

iaj

pb
1ijH1iH1j þ

Xm4

iaj

pb
2ijH2iH2j þ

Xm3;m4

i; j¼1

pb
3ijH1iH2j; ð28Þ

where pb
1ij ¼ pb

1ji and pb
2ij ¼ pb

2ji: Substituting Eqs. (27) and (28) into Eq. (25) and comparing the
coefficients in terms of the power of modal vibration energies yield a series of algebraic equations.
For certain sa

1i; sa
2i; sc

1i; sc
2i; sb

1ij ; sb
2ij; and sb

3ij ; the weight coefficients in value function V can be
obtained from solving those algebraic equations so that the value function (28) and the optimal
control forces (24) are determined eventually.
To evaluate the control efficacy of the proposed non-linear stochastic optimal control method,

the random response of the controlled structural system under seismic excitation is further
predicted and compared with that of the uncontrolled structural system in terms of performance
criteria. The controlled structural system is non-linear due to the non-linear optimal control forces
and the stochastic averaging method for quasi-integrable Hamiltonian systems can be used. For
the response analysis, the first mi ðmiþ2pmipni; i ¼ 1; 2Þ important modes of structure i are
taken and assembled into a reduced mode matrix Fi normalized with respect to mass matrix Mi:
By substituting the optimal control forces (24) into the coupled structural equation (15), using the
modal transformation technique to convert the equation into one in the modal space and then
applying the stochastic averaging method to it, the It #o stochastic differential equations for the
modal vibration energies are obtained as follows:

dH ¼ ½mðHÞ þ muð %HÞ� dt þ sðHÞ dW ðtÞ; ð29Þ

where H is the ðm1 þ m2Þ-dimensional modal vibration energy vector, W ðtÞ is the ðm1 þ m2Þ-
dimensional unit Wiener process vector, sðHÞ is the ðm1 þ m2Þ 	 ðm1 þ m2Þ-dimensional diagonal
diffusion coefficient matrix, mðHÞ and muð %HÞ are the ðm1 þ m2Þ-dimensional drift coefficient
vectors independent of the control forces and involving the control forces, respectively. The drift
coefficients in mðHÞ and diffusion coefficients in sðHÞ are given by Eqs. (20a) and (20b). muð %HÞ ¼
½mT

u1;m
T
u2�

T: The first m3 elements of vector mu1 and first m4 elements of vector mu2 are represented
by Eq. (26a). The other elements of mu1 and mu2 are equal to zeros due to the averaged It #o
equations of the linear uncontrolled structural system corresponding to Eq. (29) separable and the
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value function V independent of modal vibration energies H1i ði ¼ m3 þ 1;y;m1Þ and H2i ði ¼
m4 þ 1;y;m2Þ: Thus the optimal control forces affect only the controlled reduced modal energy
processes in the sense of stochastic averaging.
The Fokker–Planck–Kolmogorov (FPK) equation associated with the It #o equation (29) can be

established. The stationary FPK equation is

Xm1

i¼1

@

@H1i

�m1iðH1iÞ þ 1
2f

T
1i Puf1iH1i

@V

@H1i

� �
p þ

1

2

@

@H1i

½s21iðH1iÞp�
� �

þ
Xm2

i¼1

@

@H2i

�m2iðH2iÞ þ 1
2
fT
2iPwf2iH2i

@V

@H2i

� �
p þ

1

2

@

@H2i

½s22iðH2iÞp�
� �

¼ 0 ð30Þ

with a stationary probability density solution

pðH1;H2Þ ¼ Cp expf�jðH1;H2Þg; ð31Þ

where Cp is a normalization constant and the probability potential

jðH1;H2Þ ¼
Z ðHi ;H2Þ

0

Xm1

i¼1

@j
@H1i

dH1i þ
Xm2

i¼1

@j
@H2i

dH2i; ð32aÞ

@j
@H1i

¼
@s21i=@H1i � 2m1i þ fT

1iPuf1iH1i@V=@H1i

s21i

; ð32bÞ

@j
@H2i

¼
@s22i=@H2i � 2m2i þ fT

2iPwf2iH2i@V=@H2i

s22i

: ð32cÞ

The mean square (MS) modal displacement and modal velocity are obtained by using the
probability density (31) as follows:

E½q2jk� ¼
1

o2
jk

Z þN

0

HjkpðH1;H2Þ dH1 dH2; ð33aÞ

E½ ’q2jk� ¼
Z þN

0

HjkpðH1;H2Þ dH1 dH2: ð33bÞ

Then the MS displacement, interstorey drift, base shear and optimal control force of the
controlled coupled structures are represented based on the modal transformation technique by

E½x2
ji� ¼

Xmj

k¼1

ðfi
jkÞ

2E½q2jk�; ð34aÞ

E½ðxji � xj;i�1Þ
2� ¼

Xmj

k¼1

ðfi
jk � fi�1

jk Þ2E½q2jk�; ð34bÞ
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E
Xnj

i¼1

mjiið .xji þ .xgÞ þ ð�1Þ jþ1
Xn3
i¼1

u�i

 !2
2
4

3
5

¼ E½ðET
j Mjð .Xj þ .xgEjÞ � ET

j PjU
�Þ2�

¼
Xmj

k¼1

Xnj

i¼1

mjiif
i
jk

 !2

ðo4
jkE½q2jk� þ 4z2jko

2
jkE½ ’q2jk�Þ; ð34cÞ

E½u�2i � ¼ 1
4

R�1
pi PT

1

Xm3

k¼1

f1kf
T
1kE ’q21k

@V

@H1k

� �2
" # !

P1

"

þ PT
2

Xm4

k¼1

f2kf
T
2kE ’q22k

@V

@H2k

� �2
" # !

P2

#
R�T

pi ; ð34dÞ

where fi
jk is the ith element of mode vector fjk of structure j; mjii is the ith diagonal element of

mass matrix Mj; R�1
pi denotes the ith row vector of inverse matrix R�1

p and

E ’q2jk
@V

@Hjk

� �2
" #

¼
Z þN

0

Hjk

@V

@Hjk

� �2

pðH1;H2Þ dH1 dH2: ð35Þ

The response statistics of the corresponding uncontrolled structures under random seismic
excitation can be obtained in the same way by making the control forces vanishing. At last, the
following performance criteria [4–6] are used to evaluate the control efficacy:

K ¼
RMSðResponseuÞ � RMSðResponsecÞ

RMSðResponseuÞ
; ð36aÞ

m ¼
KPn3

i¼1 RMSðu�i Þ s
Pn1

i¼1 m1ii þ
Pn2

i¼1 m2ii

# $�% �; ð36bÞ

where RMSð�Þ denotes the root-mean-square operator and the subscripts u and c denote the
uncontrolled and controlled values, respectively. The ratio K measures the relative response
reduction of the controlled and uncontrolled structural systems or the control effectiveness. The
ratio m measures the relative response reduction per normalized control force or the control
efficiency. The higher K and m indicate the control method with more response mitigation
capabilities.

5. Numerical results

A numerical study is conducted on the non-linear stochastic optimal control of coupled
adjacent building structures consisting of a 20-storey building and a 10-storey building with a few
control devices. The mass of each floor is 1:6	 106 kg; the interstorey stiffness is 1:2	 1010 N=m
and the modal damping ratio is 0.02. The first six natural frequencies of the 20-storey building
structure are 1.06, 3.16, 5.25, 7.30, 9.32 and 11:28 Hz; and the first four natural frequencies of the
10-storey building structure are 2.06, 6.13, 10.07 and 13:78 Hz: The spectral parameters of
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random seismic excitation are taken as s2 ¼ 0:6 m2=s3; og ¼ 19 rad=s and zg ¼ 0:2 unless
otherwise mentioned. The numbers of structural modes used for response analysis m1 ¼ 6 and
m2 ¼ 4 while the controlled mode numbers m3 ¼ 3 and m4 ¼ 2: The weight coefficients of control
forces and modal energies are R ¼ diagf10; 10; 8; 3; 2g; Sa

1i ¼ 0; Sa
2i ¼ 0; ½Sc

1i� ¼ ½0:08; 0:1; 0:04�;
½Sc

2i� ¼ ½0:08; 0:04�; Sb
1ij ¼ 0; Sb

2ij ¼ 0 and Sb
3ij ¼ 0: Some numerical results are displayed in

Figs. 2–6 and in Tables 1–4.
Fig. 2 shows the performance criteria K and m of displacements and interstorey drifts of the

coupled structures by using the proposed control method when the control device connects the
two adjacent buildings only at the 10th floor level. About 60% displacement response reduction
ðKÞ with 0.85 efficiency ðmÞ at the middle of taller building and 55% response reduction ðKÞ with
0.80 efficiency ðmÞ for shorter building are achieved. The response pattern of interstorey drifts is
similar to that of corresponding displacements and then only the numerical results of interstorey
drifts are given in the following.
The effect of seismic excitation features on the control efficacy is studied with the control device

at the 10th floor level. Fig. 3 illustrates the relative response reduction K and control efficiency m
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of interstorey drifts under different excitation intensity s: With the increase of intensity s; the
response reduction capability is enhanced while the efficiency is decreased. Fig. 4 shows the
relative response reduction and control efficiency of interstorey drifts under different dominant
excitation frequency og: The response reduction or mitigation capability increases as the
dominant frequency og is close to the structural natural frequency [for the 20-storey building
structure, og ¼ 1:27 Hz and the natural frequency=1:06 Hz; see Fig. 4(a); for the 10-storey
building structure, og ¼ 2:23 Hz and the natural frequency=2:06 Hz; see Fig. 4(c)], even though
the efficiency has a little decrease.
The effect of control device placement and number on the control efficacy is also studied. Fig. 5

illustrates the relative response reduction and control efficiency of interstorey drifts when a single
control device is placed at the 10th floor, the 8th floor or the 6th floor. The response mitigation
capability of the control device at the 10th floor level as well as the efficiency is better than at the
others. This result means the optimum position of control devices close to the floor level of the
largest amplitude of dominant structural modes. Fig. 6 shows the relative response reduction and
control efficiency of interstorey drifts for different control device number and placement (three
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cases: one control device at the 10th floor; two control devices at the 10th and 8th floors; three
control devices at the 10th, 8th and 6th floors, respectively). The response reduction capability
does not increase with using more control devices at lower floors due to the interaction among
control devices. A similar observation is made for base shears as given in Tables 1–4.
The linear optimal control of coupled adjacent structures under seismic excitation has

been studied [14] and the linear control force consists of viscous damping force component and
linear restoring force component, which can be determined by optimizing damping and stiffness.
It has been obtained that the non-linear optimal control method is more effective than linear
one for structural response reduction [2–6]. The random seismic response control of
coupled adjacent building structures using non-linear hysteretic dampers has been researched
by optimum analysis [12] and the maximum relative reduction of root-mean-square interstorey
drifts would be less than 30%. However, about 55% relative reduction of root-mean-square
interstorey drifts (see Fig. 2) can be achieved by using the proposed non-linear stochastic optimal
control method.
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6. Conclusions

Coupled structures under random excitation are modelled as a quasi-integrable Hamiltonian
system of multi-degree-of-freedom. A non-linear stochastic optimal control method for the system
has been developed based on the stochastic dynamical programming principle and the stochastic
averaging method. The random seismic response control of coupled adjacent building structures
has been studied by using the developed method. The method has the following advantages:
(a) the system energy control generally instead of the system state control is conducted based on
the stochastic averaging method of energy envelope and then the dimension of the control
problem is reduced; (b) the effect of random excitation spectra on the optimal control law is taken
into account according to the stochastic dynamical programming principle and the derived
dynamical programming equation has a classical solution of value function; (c) the optimal
control forces can be obtained in the form of generalized non-linear damping forces as given in the
coupled structural system control, which can be produced actually by active dampers; (d) it is
applicable to many engineering structures as quasi-integrable Hamiltonian systems of multi-
degree-of-freedom as illustrated by the random seismic response control of the coupled structures.
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Numerical results for the coupled structures with the proposed control method show that the
more random response reduction can be achieved by using a few control devices and the response
reduction capability can increase with random excitation intensity. In consequence, the proposed
non-linear stochastic optimal control method is potentially promising for structural control
applications.
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Table 1

Relative reduction K and efficiency m of base shears under different s

s2 ðm2=s3Þ Taller building Shorter building

K m K m

0.6 0.796 1.10 0.808 1.12

0.9 0.830 1.00 0.842 1.01
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